In this paper, a new generalized Bernstein-Bézier type operators is constructed.
Introduction
The famous Bernstein operators are defined by [1] B n (f ;
where f (x) ∈ C[0, 1], p n,k (x) = ( n k ) x k (1 − x) n−k , k = 1, 2....n. The Bernstein-Bézier polynomials for any α > 0, and a function f defined on [0, 1] as follows [2] :
where J n,k (x) = n i=k p n,i (x), k = 0, 1, ....n, J n,k (x) is the Bézier basis function of degree n, and 1 > J n,0 (x) > J n,1 (x) > · · · > J n,n (x) = x n .
In Computer Aided Geometric Design, Bézier basis functions are very useful and their analytical properties have been studied by many authors [2−8] . In 2013, Ren introduced Bernstein operators as follows [8] : for f (x) ∈ C[0, 1], β ∈ [0, 1], E n,β (f ; x) = f (0)p n,0 (x) + n−1 k=1 p n,k (x)F (2) B n (t; x) = x;
(3) B n (t 2 ; x) = x 2 +
x(1 − x) n .
Estimates of moments
In this section, using similar calculation method in reference [2, 7, 9] , we can obtain the estimate of moment, here we omit the calculation details.
Lemma 1 [9 Lemma2] For F (β) n−1,k (t i ), i = 0, 1, 2, we have
n−1,k (1) = 1;
(2) F (β) n−1,k (t) = k n − 1 ;
Lemma 2 For L n,β (t i ; x), i = 0, 1, 2, we have (1) L n,β (1; x) = 1;
(2) 1 (n − 1) 2 n−1 k=1 kJ n,k (x) = n 2(n − 1)
x 2 .
Lemma 4 [2, 9 Lemma1] Let α ≥ 1, we have
(2) lim
Lemma 5 [7, 9 Lemma3 ] For x ∈ [0, 1], α ≥ 1, k = 0, 1, ...n − 1, we have
n,β (1; x) = 1;
n,β (t; x) = x unif ormly on [0, 1];
n,β (t 2 ; x) = x 2 unif ormly on [0, 1];
Direct Theorem
For
be the Ditzian-Totik modulus, and let
be the corresponding K-functional, here
is well know that [1] K ϕ λ (f ; t) ∼ ω ϕ λ (f ; t).
.
By the Hölder inequality, one has
we get |L
n,β (f ; x) and Lemma 7 (2), we have
Combing Theorem 8.4.8 [1] , we have
Taking infimum on the right hand side over all g ∈ W λ , we get the desired result.
Proof For any t, x ∈ [0, 1], δ > 0, by the Taylor's expansion, we get
hence, by the Cauchy-Schwarz inequality, we have
Thus,
Taking δ = 1 √ n , by Lemma 7 (1), we can obtain Theorem 3.
Equivalent Theorem
Proof By the definition of the K-functional,
Applying the Berens-Lorentz Lemma, and the relation
, we obtain the desired Theorem 4.
From Theorem 2 and Theorem 4, we can obtain the equivalent theorem.
Proof of Lemma 8 and Lemma 9
Proof of Lemma 8: We write
and will estimate I 1 , I 2 and I 3 , respectively.
Firstly, noting that J ′ n,0 (x) = 0, we have
Combining that
From (4)
Secondly, noting that J ′ n,n+1 (x) = 0, we have
For x ∈ [0, 1 n ) (1 − 1 n , 1], by the similar method used in (4) and (5), we can get
For x ∈ E n = [ 1 n , 1 − 1 n ], combining |p ′ n,n (x)| ≤ n k=0 |p ′ n,k (x)|, by the similar method used in (6), we can obtain (7) .
Finally, considering I 2 , recalling that |F
Noting that J ′ n,1 (x) > 0, J ′ n,0 (x) = 0, J n,n+1 (x) = 0, one can get
simimar to the estimate of I 1 , we can obtain
Next, we think about Q 2 .
In the case of x = 0, one has
In the case of x = 1, one has
−n, f or k = n − 1.
In the case of 0 < x < 1, one has
Then,
and
From (3)-(9), the desired result follows immediately.
Proof of Lemma 9:
n,β (f ; x)
and will estimate H 1 , H 2 and H 3 respectively. First, from (2), one can get
By the similar method, we can get
Next,
then,
we will estimate A and B on E C n and E n respectively.
we write
Since E n−1,β ((t − x) 2 ; x) ≤ 2ϕ 2 (x) n−1 , by the Cauchy-Schwarz inequality, we get
Next, we will estimate L 1 :
n−1,1 (t; x) · n · p n−1,0 (x) + x · n · p n−1,0 (x) + L 3 + n−2 j=1 1 − β n − 1 dt · n · p n−1,j (x)
For x ∈ [0, 1 n ), n · x(1 − x) n−1 ≤ n · x ≤ 1; for x ∈ (1 − 1 n , 1], n · x(1 − x) n−1 ≤ n · (1 − x) n−1 ≤ 1 n n−2 ≤ 1, using the fact, B(p, q) = p−1 q B(p − 1, q + 1) (p, q > 0), and for j ≥ 1 1 0 t (n−1)j−1+(n−1) (1 − t) (n−1)(n−1−j)−1−(n−1) · |βt + (1 − β) j n − 1 − x|dt ≤ (n − 1)j + (n − 1) (n − 1)(n − 1 − j) − (n − 1) · (n − 1)j + (n − 2) (n − 1)(n − 1 − j) − (n − 2) · · · (n − 1)j + 1 (n − 1)(n − 1 − j) − 1 ×[ 1 0 t (n−1)j−1 (1 − t) (n−1)(n−1−j)−1 · |βt + (1 − β) j n − 1 − x|dt + n (n − 1) 2 · β · 1 0 t (n−1)j−1 (1 − t) (n−1)(n−1−j)−1 dt], we can obtain L 3 ≤ n−2 j=1 1 0 t (n−1)j−1 (1 − t) (n−1)(n−1−j)−1 B((n − 1)j, (n − 1)(n − 1 − j)) βt + (1 − β) j n − 1 − x dt · n · p n−1,j (x) + n−2 j=1 1 0 t (n−1)j−1 (1 − t) (n−1)(n−1−j)−1 B((n − 1)j, (n − 1)(n − 1 − j)) dt · n (n − 1) 2 · β · p n−1,j (x) ≤ L 2 + n−2 j=1 1 0 t (n−1)j−1 (1 − t) (n−1)(n−1−j)−1 B((n − 1)j, (n − 1)(n − 1 − j)) dt · β · p n−1,j (x) ≤ L 2 + β · n−2 j=1 p n−1,j (x)
from (14)-(17), we know B ≤ 10.
Noting that J ′ n,0 (x) = 0, and x ∈ E C n , we get
